INTRODUCTION
The Wiener index (W) is one of the oldest and most examined graph-based molecular structure descriptors. Details on its mathematical properties and chemical applications are given in reviews, [1] [2] [3] [4] [5] recent research papers, [6] [7] [8] [9] and the references cited therein. On the occasion of the fiftieth anniversary of the Wiener index, three special journal issues were published. [10] [11] [12] Additional historical data on W can be found in a survey. 13 The Wiener index is defined in the following manner. Let G be a molecular graph and 1 2 , , , n v v v  be its vertices. The distance between the vertices i v and 
with the summation embracing all pairs of vertices (v i ,v j ) of the molecular graph G.
GUTMAN, FURTULA and LI
Bearing in mind that each vertex of the molecular graph represents an atom of the underlying molecule, 14 the quantity W, defined by means of Eq. (1), may be viewed as a sum of structural increments representing pairs of atoms, i.e., two--center interatomic interactions.
From this point of view, one could think of three-center, four-center, etc. interactions that would lead to the following evident multicenter extension of the Wiener-index concept:
etc. In formulas (2)-(4), the meaning of the three-, four-, five-vertex distances requires clarification. In fact, a long time ago, Chartrand et al. introduced such a multi-vertex distance into graph theory, 15 which was eventually much studied under the name "Steiner distance". 16 Its definition is given in the subsequent section.
The multicenter Wiener-type indices based on the Steiner distance will be referred to as "Steiner-Wiener indices" and are defined in the subsequent section. The present work is aimed at establishing their chemical applicability.
STEINER DISTANCE AND STEINER-WIENER INDEX
Let G be a connected graph with n vertices. Let T S , is a tree (= connected acyclic graph) that is a subgraph of G, containing all vertices of S, and possessing a minimal number of edges. The number of edges of ( ) T S is the Steiner distance of the vertices 1 2 , , ,
. For details on the Steiner-distance concept, see elsewhere. 17, 18 For 2,3, , k n =  , the k-th Steiner-Wiener index of the (molecular) graph G is defined as:
where the summation goes over all k-element subsets Available on line at www.shd.org.rs/JSCS/
where 1 ( ) n e and 2 ( ) n e are the number of vertices lying on the two sides of the edge e, and where the first summation goes over all edges of T. For all edges e of the tree T, 1 2 ( ) ( ) n e n e n + = . Note that for 2 k = , formula (6) reduces to the expression (7), discovered by Wiener himself as early as in 1947: 7,14,20
STEINER-WIENER INDICES AND BOILING POINTS OF ALKANES
The first chemical application of the Wiener index was its usage for the prediction of the normal boiling points of alkanes. 20 Eventually, correlations with boiling points became a standard test for the quality of topological indices. [21] [22] [23] [24] In view of this, this physico-chemical parameter is also used in these studies of the Steiner-Wiener indices.
The well known 23 plot of the normal boiling points vs. the Wiener index is reproduced in Fig. 1 . The curve passing through the data-points is of the form: Fig. 1 . Correlation between normal boiling points (bp / K) and Wiener index (W) for the set of all isomeric alkanes with 2 to 9 carbon atoms (74 compounds). 25 The curve passing through the data-points is specified by Eq. (8) . Statistical data pertaining to this correlation are found in Tables I and II, (8)), is shown in Fig. 2 . (8) and (9), for k = 2,3,..., 9. The (a,b,c)-values were obtained by means of the scaled Levenberg-Marquardt algorithm. 26 The λ-values are those for which the respective correlation coefficients are maximal, cf. Fig. 3 The most obvious idea for testing the Steiner-Wiener indices would be to set
. This, however, did not yield any improvement, and thus had to be abandoned. A better option was to modify the Wiener index as:
and use the variable * W in combination with Eq. (8) . For each fixed choice of k, k = 3,4,...8, the parameter λ was varied, and its value determined to maximize the correlation coefficient for the linear correlation between bp and * calc ( ) bp W . In all the studied cases, an optimal value for λ exists at which the correlation coefficients attain a maximum; a characteristic example is shown in Fig. 3 . Statistical data pertaining to this correlation are found in Tables I and II, The results thus obtained are presented in Tables I and II Statistical data pertaining to this correlation are to be found in Tables I and II Viewing at the Wiener index as a structure descriptor based on two-center interatomic interactions, it could be expected that the next-important structural feature would be three-center interactions. In the case of Steiner-Wiener index applied to alkanes, this certainly cannot be the case, since for trees the following identity holds:
Therefore, 3 W contains the exactly same structural information as the ordinary Wiener index, W.
Relation (10) is deduced from Eq. (6) as follows. For 3 k = , Eq. (6) has the form:
e n e n e n e n e W T
which, bearing in mind that 1 2 ( ) ( ) n e n e n + = , is transformed into:
e e e n e n e n e n e W T n e n e n e n e n n e n e n e n e
Formula (10) is now obtained from Eq. (7). The calculations fully agree with the above argument: The accuracies of the models for 2 k = and 3 k = were the same, see Table I . If 3 k > , because of the very large number of k-tuples of vertices, the calculation of the Steiner-Wiener index k W based on its definition (5) becomes extremely cumbersome. In the case of acyclic systems (such as the molecular graphs of alkanes), instead of Eq. (5), the calculations could be realized using Eq. (6), which is significantly easier. In fact, by means of Eq. (6) 
